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deﬁned, linear, continuous, with respect to d and D convergence, and consistent with the classical
transform. Certain theorem is also established.
ª 2014 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.1. Introduction
Let X be an open set in Rn and f : X! C be a Lebesgue mea-
surable function on X. We denote by lqlocðXÞ, 1 6 q 61, the
complete metrizable space of all f such that for a given
q; 1 6 q 61, we haveZ
k
j fjqdx ð1Þ
which is ﬁnite for all compact subsets k of X.
For q ¼ 1, it is easy to see that l1ðXÞ  l1locðXÞ and lqloc  l1loc,
where l1ðXÞ is the set of globally integrable functions,
1 < q 61.
It may also be noted that every continuous function is a lo-
cally integrable function and, for all f; g 2 lqloc, 1 < q 61,
fþ g and af are also in lqloc, where a 2 C, C being the ﬁeld of
complex numbers.Denote by ð0;1Þ the set of positive real numbers. The Wid-
der potential transform was presented by Widder (1966, 1971),
by the integral equation
ðPfÞðyÞ ¼
Z 1
0
x
x2 þ y2 fðxÞdx ð2Þ
as a transform related to the Poison integral of a harmonic
function in a half plane. The Parseval–Goldstein type formula
of the Widder potential transform was given by Srivastava and
Singh (1985), as followsZ 1
0
xðPfÞðxÞgðxÞdx ¼
Z 1
0
xfðxÞðPgÞðxÞdx:
The transform under consideration and its Parseval–Goldstein
type theorem involving the classical Laplace and Fourier sine
are established by Srivastava and Yu¨rekli (1991). More about
the Widder potential and Laplace-type transforms and the
Parseval–Goldstein type theorem reader can see Yu¨rekli and
Sadek (1991) and Dernek et al. (2011).
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The construction of Boehmians consists of the following
elements:
(i) A set A;
(ii) A commutative semigroup ðB; Þ;
(iii) An operation  : A B! A such that for each x 2 A
and t1; t2;2 B,
x ðt1  t2Þ ¼ ðx t1Þ  t2;(iv) A set D  BN satisfying:
(a) If x; y 2 A; ðtnÞ 2 D; x tn ¼ y  tn for all n, then x ¼ y;
(b) If ðtnÞ; ðrnÞ 2 D, then ðtn  rnÞ 2 D.D is the set of all
delta sequences.
Consider
A ¼ fðxn; tnÞ : xn 2 A; ðtnÞ 2 D; xn  tm ¼ xm  tn; 8m; n 2 Ng:
If ðxn; tnÞ; ðyn; rnÞ 2 A; xn  rm ¼ ym  tn; 8m; n 2 N, then
we say ðxn; tnÞ  ðyn; rnÞ. The relation  is an equivalence rela-
tion in A. The space of equivalence classes in A is denoted by
jðA; ðB; Þ;;DÞ. Elements of jðA; ðB; Þ;;DÞ are called
Boehmians.
Between A and jðA; ðB; Þ;;DÞ there is a canonical
embedding expressed as
x! x sn
sn
as n!1:
The operation  can be extended to jðA; ðB; Þ;;DÞ  A by
xn
tn
 t ¼ xn  t
tn
:
In jðA; ðB; Þ;;DÞ, two types of convergence are:
1. A sequence ðhnÞ 2 jðA; ðB; Þ;;DÞ is said to be d conver-
gent to h 2 jðA; ðB; Þ;;DÞ, denoted by hn!d h as
n !1, if there exists a delta sequence ðtnÞ such that
ðhn  tnÞ; ðh tnÞ 2 A; 8k; n 2 N, and ðhn  tkÞ ! ðh tkÞ
as n !1, in A, for every k 2 N.
2. A sequence ðhnÞ 2 jðA; ðB; Þ;;DÞ is said to be D conver-
gent to h 2 jðA; ðB; Þ;;DÞ, denoted by hn!D h as n !1,
if there exists a ðtnÞ 2 D such that ðhn  hÞ  tn 2 A;
8n 2 N, and ðhn  hÞ  tn ! 0 as n !1 in A.
The following theorem is equivalent to the statement of d
convergence:
Remark 1. hn!d hðn!1Þ 2 jðA; ðB; Þ;;DÞ if and only if
there is fn;k; fk 2 A and tk 2 D such that hn ¼ fn;ktk
h i
; h ¼ fktk
h i
and for each k 2 N; fn;k ! fk as n!1 in A.
For more details we refer to Al-Omari and Kilicman
(2012a,b, 2013), Al-Omari (2013a,b,c), Beardsley and Mikusinski
(2013), Bhuvaneswari and Karunakaran (2010), Boehme
(1973), Ganesan (2010), Karunakaran and Ganesan (2009),
Karunakaran and Angeline Chella (2011), Loonker and
Banerji (2010), Loonker et al. (2010), Mikusinski (1987, 1983,
1995), Nemzer (2010, 2007), Roopkumar (2009), Srivastava
and Singh (1985) and Roopkumar (2009), and many others.3. Constructed spaces of Boehmians
In this section we construct the spaces dðlqloc; ðj; Þ; ;DÞ and
d lqloc; ðj; Þ; ;Dð Þ of Boehmians.
Following theorem is straightforward.
Theorem 1. Let f 2 lqloc; 1 6 q <1; then we have Pf 2 lqloc.
In (3) and (4), two operations are needful for our
construction.
The Mellin-type convolution between two functions f and u
is deﬁned by Zemanian (1987) [25],
ðf  uÞðxÞ ¼
Z 1
0
fðxt1Þt1uðtÞdt: ð3Þ
More properties that  enjoys can be found in the above
citation.
On the other hand, denote by  the product given by
ðf  uÞðyÞ ¼
Z 1
0
fðyt1Þt1uðtÞdt: ð4Þ
Following is a theorem which is essential in the sense of our
results.
Theorem 2. Let f 2 lqloc; 1 6 q <1;u 2 jð0;1Þ; then we have
Pðf  uÞðyÞ ¼ ðPf  uÞðyÞ:
Proof. Let f 2 lqloc and u 2 jð0;1Þ; 1 6 q <1, be given then,
using (3) we get
Pðf  uÞðyÞ ¼
Z 1
0
x
x2 þ y2 ðf  uÞðxÞdx
¼
Z 1
0
x
x2 þ y2
Z 1
0
fðxt1Þt1uðtÞdt
 
dx: ð5Þ
The change of variables x ¼ tz transforms (5) into
Pðf  uÞðyÞ ¼
Z 1
0
Z 1
0
zfðzÞ
z2 þ ðy
t
Þ2 dzt
1gðtÞdt
¼
Z 1
0
ðPfÞðyt1Þt1gðtÞdt:
Hence, by (4), we get
Pðf  uÞðyÞ ¼ ðPf  uÞðyÞ
This completes the proof of the theorem. h
Proof of the following two theorems is straightforward.
Theorem 3. Let f 2 lqloc;u;w 2 jð0;1Þ; 1 6 q <1; then we
have
(i) f  ðuþ wÞ ¼ f  uþ f  w.
(ii) ðaf Þ  u ¼ aðf  uÞ; a 2 C.
Theorem 4. Let f ! f in lq ; 1 6 q <1, as n!1, andn loc
u 2 jð0;1Þ; then fn  u! f  u as n!1.
This theorem follows from the properties of integration.
Theorem 5. Let f 2 lqloc; 1 6 q <1;u;w 2 jð0;1Þ; then
f  ðu  wÞ ¼ ðf  uÞ  w.
96Similar proof to this theorem is given by Zemanian (1987).
Hence, we prefer omiting the details.
Denote by D the set of delta sequences ðdnÞ 2 jð0;1Þ
satisfyingZ 1
0
dnðxÞdx ¼ 1: ð6Þ
Z 1
0
j dnðxÞ j dx < M; 0 < M 2 ð0;1Þ: ð7Þ
suppdnðxÞ  ð0; enÞ; en ! 0 as n!1: ð8ÞTheorem 6. Let ðdnÞ 2 D and f 2 lqloc; 1 6 q <1; then
f  dn ! f as n!1.
Proof. Let ðdnÞ 2 D; f 2 lqloc; 1 6 q <1 and k be a compact
subset of ð0;1Þ containing suppdn for all n; then using (6)
we get
Z
k
j ðfdn fÞðxÞ j dx¼
Z
k
Z 1
0
ðfdnÞðxÞ fðxÞ
Z 1
0
dnðyÞdy

dx
6
Z
k
Z 1
0
f
x
y
 
y1 fðxÞ

jdnðyÞ j dydx:
By Fubinitz theorem we getZ
k
j ðf  dn  fÞðxÞ j dx 6
Z 1
0
Z
k
f
x
y
 
y1  fðxÞ

dx
j dnðyÞ j dy: ð9Þ
Since f x
y
 
y1 2 lqloc it follows that f xy
 
y1  fðxÞ 2 lqloc.
Hence, (9) implies
Z
k
j ðf  dn  fÞðxÞ j dx 6M1
Z
k
j dnðyÞ j dy ð10Þ
where M1 2 ð0;1Þ.
Therefore, if k ¼ ½a; b	; a; b > 0; then it follows from (8) that
Z
k
j ðf  dn  fÞðxÞ j dx 6M1enðb aÞ ! 0 as n!1: ð11Þ
HenceZ
k
j ðf  dn  fÞðxÞ j ¼
Z
k
j ðf  dnÞðxÞ j dx

Z
k
j fðxÞ j dx! 0 as n!1:
Therefore f  dn ! f as n!1 on compact subsets of ð0;1Þ.
This completes the proof of the theorem. h
The Boehmian space d lqloc; ðj; Þ; ;Dð Þ is therefore
described.
We next establish the space dðlqloc; ðj; Þ; ;DÞ.
Theorem 7. Let f 2 lqloc and u 2 jð0;1Þ; then we have
f  u 2 jð0;1Þ.
Theorem 8. Let f 2 lqloc;u;w 2 jð0;1Þ; 1 6 q <1; then we
have
(i) f  ðuþ wÞ ¼ f  uþ f  w
(ii) ðaf Þ  u ¼ aðf  uÞ; a 2 C.Theorem 9.S.K.Q. Al-Omariq(i) Let fn ! f in lloc; 1 6 q <1, as n !1, and
u 2 jð0;1Þ; then fn  u! f  u as n !1.
(ii) Let ðdnÞ 2 D; f 2 lqloc; 1 6 q <1; then f  dn ! f as
n !1.
For similar proofs to Theorems 7–9, see Theorems 3, 4
and 6.
As a next step, we merely need to establish the following
theorem.
Theorem 10. Let f 2 lqloc; 1 6 q <1;u;w 2 jð0;1Þ; then
f  ðf  wÞ ¼ ðf  uÞ  w.
Proof. Let f 2 lqloc;u;w 2 jð0;1Þ; then, using (3) and (4) we
write
ðf ðfwÞÞðyÞ¼
Z 1
0
fðyt1Þt1ðuwÞðtÞdt
¼
Z 1
0
fðyt1Þt1
Z 1
0
uðtx1Þx1wðxÞdx
 
dt
¼
Z 1
0
Z 1
0
fðyt1Þuðtx1Þt1dt
 
x1wðxÞdx: ð12Þ
The substitution tx1 ¼ z implies dt ¼ xdz and hence, from
(12), we have
ðf  ðf  wÞÞðyÞ ¼
Z 1
0
Z 1
0
fðyx1z1Þz1uðzÞdz
 
x1wðxÞdx
¼
Z 1
0
ðf  uÞðyx1Þx1wðxÞdx:
Therefore
ðf  ðu  wÞÞðyÞ ¼ ððf  uÞ  wÞðyÞ:
This completes the proof of the theorem. h
Thus our Boehmian space dðlqloc; ðj; Þ; ;DÞ is recognized.
4. The generalized widder potential transform
Let ðfnÞðdnÞ
h i
2 dðlqloc; ðj; Þ; ;DÞ be given then we deﬁne its ex-
tended Widder transform as follows
Pe
ðfnÞ
ðdnÞ
  
¼ ðPfnÞðdnÞ
 
ð13Þ
in dðlqloc; ðj; Þ; ;DÞ.
Theorem 11. Pe : dðlqloc; ðj; Þ; ;DÞ ! dðlqloc; ðj; Þ; ;DÞ is a
well-deﬁned and linear extension of P.
Proof. Let ðanÞ
h i
¼ ðvnÞ
h i
2 dðlq ; ðj; Þ; ;DÞ; then a  w ¼ðrnÞ ðwnÞ loc n m
vm  rn ¼ vn  rm. Employing the potential transform P on both
sides implies Pan  wm ¼ Pvn  rm; 8n;m. Thus, Panrn are Pvnwn
equivalent. Therefore, ðPanÞðrnÞ
h i
¼ ðPvnÞðwnÞ
h i
.
To proof the second part of the theorem, let
ðanÞ
ðrnÞ
h i
; ðvnÞðwnÞ
h i
2 dðlqloc; ðj; Þ; ;DÞ then
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ðanÞ
ðrnÞ
 
þ ðvnÞðwnÞ
  
¼Pe ðanÞ  ðwnÞ þ ðvnÞ  ðrnÞðrnÞ  ðwnÞ
  
i:e: ¼ PððanÞ  ðwnÞ þ ðvnÞ  ðrnÞÞðrnÞ  ðwnÞ
 
i:e: ¼ ðPanÞ  ðwnÞ þ ðPvnÞ  ðrnÞðrnÞ  ðwnÞ
 
Hence, we get
Peð ðanÞðrnÞ
 
þ ðvnÞðwnÞ
 
Þ ¼ Pe ðanÞðrnÞ
 
þ Pe ðvnÞðwnÞ
 
:
Let k 2 C then kPe ðanÞðrnÞ
h i
¼ k ðPanÞðrnÞ
h i
¼ PðkanÞðrnÞ
h i
. Hence
kPe
ðanÞ
ðrnÞ
 
¼ Pe k ðanÞðrnÞ
  
:
This completes the proof. h
Deﬁnition 12. Let ðPfnÞð/nÞ
h i
2 d lqloc; ðj; Þ; ;Dð Þ; then we deﬁne
the inverse Pe transform of
ðPfnÞ
ð/nÞ
h i
as follows
P1e
ðPfnÞ
ð/nÞ
 
¼ ðPÞ
1ðPfnÞ
ð/nÞ
" #
¼ ðfnÞð/nÞ
 
ð14Þ
for each ð/nÞ 2 D.
Theorem 13. P1e is well-deﬁned and linear.
Proof of this theorem is analogous to that of above
theorem.
Theorem 14. Pe : d l
q
loc; ðj; Þ; ;D
	 
! d lqloc; ðj; Þ; ;D	 
 is a
one-one and onto extension of P.
Proof. Let P ðfnÞ
h i
¼ P ðgnÞ
h i
. Upon using (13) and the con-e ð/nÞ e ðwnÞ
cept of quotients in dðlqloc; ðj; Þ; ;DÞ implies
Pfn  wm ¼ Pgm  /n; 8m; n 2 N. Theorem 2 then implies
Pðfn  wmÞ ¼ Pðgm  /nÞ; 8m; n 2 N. Hence fn  wm ¼ gm  /n
and therefore
ðfnÞ
ð/nÞ
 
¼ ðgnÞðwnÞ
 
:
To establish that P is surjective, let ðPfnÞð/nÞ
h i
2 dðlqloc; ðj; Þ; ;DÞ.
Then we get Pfn  /m ¼ Pfm  /n; 8m; n 2 N. Once again, The-
orem 2 implies Pðfn  /mÞ ¼ Pðfm  /nÞ. Therefore,
ðfnÞ
ð/nÞ
h i
2 d lqloc; ðj; Þ; ;Dð Þ is such that
Pe
ðfnÞ
ð/nÞ
 
¼ ðPfnÞð/nÞ
 
:
This completes the proof of the theorem. h
Theorem 15. Let ðPfnÞð/nÞ
h i
2 d lqloc; ðj; Þ; ;Dð Þ and / 2 jð0;1Þ;
then
P1e
ðPfnÞ
ð/nÞ
 
 /
 
¼ ðfnÞð/nÞ
 
 /and
Pe
ðfnÞ
ð/nÞ
 
 /
 
¼ ðPfnÞð/nÞ
 
 /:
Detailed proof of the ﬁrst part is as follows:
Applying (14) yields
P1e
ðPfnÞ
ð/nÞ
 
 /
 
¼ P1e
ðPfnÞ  /
ð/nÞ
  
¼ ðPÞ
1ððPfnÞ  /Þ
ð/nÞ
" #
:
Using Theorem 2 we obtain
P1e
ðPfnÞ
ð/nÞ
 
 /
 
¼ ðfnÞ  /ð/nÞ
 
¼ ðfnÞð/nÞ
 
 /:
The proof of the part that Pe
ðfnÞ
ð/nÞ
h i
 /
 
¼ ðPfnÞð/nÞ
h i
 / is
similar.
This completes the proof of the theorem.
Theorem 16. Pe : d l
q
loc; ðj; Þ; ;D
	 
! d lqloc; ðj; Þ; ;D	 
 and
P1e : d l
q
loc; ðj; Þ; ;D
	 
! d lqloc; ðj; Þ; ;D	 
 are continuous
with respect to d and D convergence.
Proof. First of all, we show that Pe : dðlqloc; ðj; Þ; ;DÞ !
d lqloc; ðj; Þ; ;Dð Þ and P1e : d lqloc; ðj; Þ; ;Dð Þ ! d lqloc; ðj; Þ;ð
;DÞ are continuous with respect to d convergence.
Let bn!d b in d lqloc; ðj; Þ; ;D
	 

as n!1 then we show
that Pebn ! Peb as n!1. By virtue of Remark 1, we can
ﬁnd fn;k and fk in l
q
loc such that bn ¼ fn;k/k
h i
and b ¼ fk/k
h i
and
fn;k ! fk as n!1 for every k 2 N. Employing the continuity
condition of P transform implies Pfn;k ! Pfk as n!1 in the
space lqloc. Thus,
Pfn;k
/k
h i
! Pfk/k
h i
as n!1 in d lqloc; ðj; Þ; ;D
	 

.
To prove the second part, let gn!d g in d lqloc; ðj; Þ; ;D
	 

as
n!1. Once again, by Remark 1, there are gn ¼ Pfn;k/k
h i
and
g ¼ Pfk/k
h i
and Pfn;k ! Pfk as n!1. Hence fn;k ! fk in
dðlqloc; ðj; Þ; ;DÞ as n!1. That is, fn;k/k
h i
! fk/k
h i
as n!1.
Using (14) we get P1e
Pfn;k
/k
h i
! P1e Pfk/k
h i
as n!1.
Now, we establish the continuity of Pe and P
1
e with respect
to D convergence:
Let bn!D b in d lqloc; ðj; Þ; ;D
	 

as n!1. Then, there can
be found ðfnÞ 2 lqloc and ð/nÞ 2 D such that
ðbn  bÞ  /n ¼ ðfnÞ/k/k
h i
and fn ! 0 as n!1.
Employing (13) we get Peððbn  bÞ  /nÞ ¼ PððfnÞ/kÞ/k
h i
.
Hence, we have Peððbn  bÞ  /nÞ ¼ ðPfnÞ/k/k
h i
¼ Pfn ! 0 as
n!1 in lqloc.
Therefore Peððbn  bÞ  /nÞ ¼ ðPebn  PebÞ  /n ! 0 as
n!1. Hence, Pebn!D Peb as n!1.
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as n!1 then we
ﬁnd Pfk 2 lqloc such that ðgn  gÞ  /n ¼ Pfk/k/k
h i
and Pfk ! 0
as n!1 for some ð/nÞ 2 D. Using (14), we get
P1e ððgn  gÞ  /nÞ ¼
ðPÞ1ðPfk  /kÞ
/k
" #
:
Theorem 2 implies P1e ððgn  gÞ  /nÞ ¼ ðfnÞ/k/k
h i
¼ fn ! 0 as
n!1 in lqloc. Thus
P1e ððgn  gÞ  /nÞ ¼ P1e gn  P1e g
	 
  /n ! 0 as n!1:
From this we ﬁnd that P1e gn!
D
P1e g as n!1 in
dðlqloc; ðj; Þ; ;DÞ.
This completes the proof of the theorem. h
Theorem 17. The extended Pe transform is consistent with
P P : lqloc ! lqlocð Þ.
Proof. For every f 2 lqloc, let b be its representative in
dðlqloc; ðj; Þ; ;DÞ; then b ¼ fðunÞðunÞ
h i
, where ðunÞ 2 D; 8n 2 N.
Its clear that ðunÞ is independent from the representative,
8n 2 N. Therefore
PeðbÞ ¼ Pe f  ðunÞðunÞ
  
¼ Pðf  ðunÞÞðunÞ
 
¼ Pf  ðunÞðunÞ
 
which is the representative of Pf 2 lqloc.
Hence the proof. h
Theorem 18. Let b ¼ ðfnÞðunÞ
h i
2 d lqloc; ðj; Þ; ;Dð Þ and
c ¼ ðjnÞð/nÞ
h i
2 d lqloc; ðj; Þ; ;Dð Þ; then
Peðb  cÞ ¼ Peb  c:
Proof. Assume the requirements of the theorem are satisﬁed
for some b and c 2 dðlqloc; ðj; Þ; ;DÞ then we indeed get
Peðb  cÞ ¼ Pe ðfnÞ  ðjnÞðunÞ  ð/nÞ
  
¼ PððfnÞ  ðjnÞÞðunÞ  ð/nÞ
 
:
Hence
Peðb  cÞ ¼ ðPfnÞ  ðjnÞðunÞ  ð/nÞ
 
¼ ðPfnÞðunÞ
 
 ðjnÞð/nÞ
 
:
This completes the proof of the theorem. h
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